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A PROOFS

A.1 Discriminative properties (proofs of section [3)

A.1.1 Comparison with other distances (proofs of subsection [3.1)

Lemma[3.3| The Schatten 2-norm of the difference of the kernel density operators (using kernel k)
of two distributions corresponds to their Maximum Mean Discrepancy using the kernel k2:
1S, — Sulle = MM Dy (1, v) (12)
Consequently, M M Dy2(u,v) < dgr(p,v)
PROOF. We have :
(B, X)) =Tr(2,5)) =Tr(E,%,)

=7r( [ ewipte) u(@is | o)) V)

= [, [ Treweta) emewmwm sy

— [ | Kokt put@widsdy

xJYy

And |2, — 3,13 = (Z,, 20 + (50, 5,) — 2(2,,, 2,), hence the result. O

=yl
Lemma A.1. For the Gaussian kernel k(z,y) = e~ 222, we have:

lolz) — o)l < 2=l

g
PROOF.
llo(z) — o)l = \/Hw(:v)lli + oW — 2k(z,y)
=V2(1—k(z,y))
— 2

_ Jle=yl

- 202

_ =z =yl

o

where weused 1 — e ™% < z. O

Thanks to Lemma([A.T] we can prove Corollary [3.4}
Corollary 3.4, If Assumption|l|is verified,
dKT(:u, V) < QWCk (,LL, V)'

Furthermore, using the Gaussian kernel with parameter o,

2
drr(p,v) < 2We, (p,v) < ;W|\.\|(M7V)-

PROOF. For any coupling 7 of v and v, any f € F7, thanks to Proposition[3.1}
Eulf(X)] =B, [f(Y)] = E[f(X) = F(Y)]
< 2Eq|lo(X) — (Yl

This is true for any coupling and any function of F so it stays true when minimising over all couplings
and maximising over all f € F;. The second inequality follows similarly from Lemmal|A.1|

Finally, we show how to use the |[Fuchs and Van De Graaf]|[[1999] inequalities to frame the kernel trace
distance with the Kernel Bures-Wasserstein distance:

Lemma A.2. When Assumption|l|is verified,
dxsw (1,v)* < dgr(p,v) < 2dxpw (A, B) (13)

20



829

830
831

832

833

834

835
836

838
839

840

841

842

843

844

845

846

847
848

PROOF.

We have F(X,,%,) = 1 — 2dg pw (1, v)?. Therefore, from 2(1 — F(£,,,%,)) < [|Z, — S, |1, we
get dxpw (p,v)? < d 7(, V). For the second inequality:
||Eu - EVHI < 2\/ 1- F(Em Eu)z
1
= 2\/1 — (]. — §dKBW(/J»V)2)2
1 4 2
=24/1-(1- ZdKBW(M,V) —dgpw(p,v)?)
2 1 4
=2y/drBw(p,)? — ZdKBW(MaV)
1 2
= 2dgpw (1, )1~ ZdKBW(M, V)
< 2dgpw (i, V)
O

A.2  Proof of Proposition 3.1]

PROOF. The definition as an IPM[(1)] comes from the dual definition in Eq. (2). Indeed,
HEH _EVHI = sup <Uv2;4_zu>'
UeL(H),|U]leo=1
Then, (U, X,) = Tr(U*'Ex~p[e(X)o(X)*]) = Ex~u[Tr(U*o(X)p(X)*)] and similarly for ¥,,.
For symmetric (around zero) space of functions, one can drop the absolute values in the definition
of IPM. So the formulation of F; comes from Tr(U*p(z)p(z)*) = ¢(z)*U*p(z) (equivalently,
picking U* instead of U, since adjonction applied to {U € L(H), ||U||c = 1} is a bijection from
this space to itself, gives p(z)*Up(z)).
Regarding|(iD), forz € X, U € L(H) with ||U]|s = 1:
p(2) Up(x)| < lle(@)[]|[Usp ()]l
< [l(@)llulle @)l = 1,
where the equality comes from Assumption [T}

Then concerning (iii)] for z,y € X:

[f (@) = f()] = lo(@)" Up(z) — ¢(y) Up(y)|
= lp(@) Up(x) = p(y) Up(z) + 0(y) Up(z) = ¢(y) Up(y)]
= [(p(z) = (y)) Up(z) = 0(y) Ule(y) — o(2))]
< (@) = o) Up(@)] + [0(y) Ule(y) — o(2))]
< [[(e(z) = @I - U@ + el - 1U((y) = ()]l
by Cauchy-Schwartz. Because ||U||o < 1:

[f (@) = FW)] < lle@) — oWl - [le@)I + @)l - lle(y) — (@)l

therefore by Assumption 1:

|f (@) = f(y)] < 2[[e(x) — e(y)]|

A.2.1 Normalised energy (proof of subsection[3.2)

Proposition|3.5. Let’s consider distances between two mixtures P = %ul + % e and QQ = %V1 + %ug
such that X, , %, are orthogonal to XJ,,,, >,,. Then:

1 1
dxr(P,Q) = §dKT(/J1; v) + *dKT(Mz,Vz)

MMD3i:(P,Q) = fMMDkz(,ul,ul)—l— MMD,CQ(MQ,VQ)

4
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PROOF. Noting o = p11 —v7 and 8 = po — o, notice that X p — ¥ = ¥, + X3, and that X, L .
Looking at the dual expression (2) of the Schatten norm:

1 1 1 1
|=Za + =238l = sup (U, =24 + =X3) (14)
2 2 UeL(H),[|U]|w=1 2 2

= sup 1<U172a>+1<U27EB> (15)
U=Uy+Us €L(H),Us Espan(Sa),Us€span(Sp), U +Us||co=1 2 2

where by orthogonality we decomposed without loss of generality U = U; 4+ Us where U; and Uy are

restricted to the subspaces defined respectively by 3, and X3 and so mutually orthogonal. Therefore

[|U1 4+ Uslloo = max (||U1]|oos ||Uz2]|oc) by orthogonality, we can maximise using ||U;||ec =

||Uz]|oc = 1 and recover ||13, + $35|[1 = 3||Zall1 + 5/Zs]|1. However, for p = 2, we get by

the definition of the Schatten norm and orthogonality, [|3%, + 334(3 = ||3Z.]13 + |[5325][3 =

1l1Zall3 + 71[2sl[3- =

In particular, when ||X,||2 = ||2g]|2 (for instance, 3 is a translation of ¢ and the kernel is translation-
invariant), || 33, + 333(13 = 1[|Z,]|3, there is a decrease by a factor 3.

A.3 Statistical properties (proofs of section[d)
A.3.1 Convergence rate (proof of subsection 4.1)

Remember that for clarity of notation, in the proofs we may abbreviate ¥, and X, as ¥ and %,,.

Lemma|4.1. Suppose Assumption [l|and[2|are verified. With a polynomial decay rate of order o > 1
(Assumptionlﬂ), forl = n%,() <0<a:

P05, — Sl = RIP(S,)) = © (n00-9)),

_o(1— L
1P (Z0) 0 = Bylls = © (n~7072))
and there exists N € N such that forn > N:
1P (S0, )20 = Sill2 Spuon maz(n”3+s n~0* ),
With an exponential decay rate (Assumption E), for i = Llogn?,6 > 0:
IP'(Z0)%0 = Sull = R(P'(2,)) = ©(n~7),
1P (0)80 = Zplla = © (n77)

and there exists N € N such that for n > N:

losn i <1
1P (Z0) 0 = Splle Spen n
A B L (="

PROOF. The proof of the first point concerning R(P'(X,,)) for both polynomial and exponential
decay can be found for instance in Corollary 3 and 4 of [Sterge et al. [2020] which is just bracketing
R(PY(,.)) = Y2 X = ©(X -, f(i)) by some integrals of f (which is the function of polynomial
or exponential decay).

The proof of the second point concerning || P!(3,)%, — E,ll2 = /3,5, A? is very similar. For

the polynomial decay, the (\;)? verify the polynomial decay for o' = 2a, and ' = 26 so that

0 < # <o isequivalentto 0 < # < « and n%’ = ne = 1. Then taking the square root gives the
result. Similarly for the exponential decay, the (\;)? verify the exponential decay for 7/ = 27 and
6 = 26.

Now for the proof of the third point, denote >; = X 4+ tId and similarly for X, ; = ¥,, + tId.
Most previous works [Sriperumbudur and Stergel 2022, Sterge et al., 2020] use what they call

1 —1 . . _
Nx(t) = Tr(S(X + tId)~') = || £2%, ||3, but for us, we will consider rather || X3, ||, and
use a result by Rudi et al.|[2013]. The proof in the case of the polynomial decay rate concerning
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||PY(2,., )%, — .|z or for short ||(I — PI(2,,))%]|2 goes as the following:
(I = P (E))El2 = [|(I = PH(S0)) B0 Tt BeS _1E\|2 (16)
< |l = PH(20)= oo 127 Z - (17)

n,t

‘We have:
(= PHE) Entlloo = Mt +¢

< g()\z +1) (18)

with probability 1 — ¢ for £log(%) <t < A; for some constant « according to Lemma A.1 (iii)
of Sterge et al.|[2020]. Applying Lemma 7.3 of Rudi et al.|[2013], we have thanks to the polynomial
decay:

15 18ll2 = O(=). (19)
Finally, let us show that ||Z;ﬁ%2t| |oo is bounded with high probability for an appropriate range of ¢.
If we note B,, = £, }(X, — ¥), then £ }%, = Id — B,,. Therefore bounding || B, ||~ w.h.p. we
can conclude by HE;;EtHOO < 1+ ||Bn]|so- So to bound || By, ||, notice that:

|Balloe < 155 tlool|Zn = Elloo (20)

— ||2n — EHOO

. 21

Next, we want to apply a concentration bound to ||%,, — X||~ to see what range of ¢ can be handled.
If we write X;, = + (p(zx)p(z)* — X) so that ¥,, — X = Y}, X}, then we have E[X},] = 0 and
|| Xk||oo < 2. Besides

Xi = (%)2(@(%)@(%)* — (xR)p(er) T — Sp(zr)p(ar) " + %)
since p(xg)o(zr)*o(zr)p(zr)* = go(xk)go(xk)* therefore

Var[, — %] = Zxk_ (T-%%)<-x%

S|

because of the positivity of X2. With all thls, we are ready to apply the Matrix Bernstein inequality
for the Hermitian case with intrinsic dimension (Theorem 7.7.1 of [Tropp et al.|[2015] with L = %

V =13, d=intdim(V) = HEllloc’v = HE”‘”) and get for t’ > /v + L/3:

B(|[% — lJoo > #) < pa ) @)
! > - HEHoo |2]|oo /n + 2t/ /30

So assuming we can pick ¢’ = ¢ for instance and combining with eq. :
1 —nt? /2
P18 < )2 1 e ) 3)
150 1Z]]0 + 2t/3
Let us pick t = Ln for some K big enough, so that the condition on ¢’ and the condition for eq li

to work are satisfied and the exponential term in eq. (23) is as small as desired to make the bound
sensible (it is true for n big enough). Combining the latter eq. (23) with eq. (I8) and (19), eq. (I7)
gives

(T = P (Zn))Sll2 Spen 725 (Niga +1)
and replacing t = % and \jy1 = O((1+1)7%) = O(n~?):
I(I = PY(Sa))Zlls Spon n7 2738 4 n~0F 3
hence the result.

Now for the case of exponential decay rate, since it is a more powerful hypothesis we use a simpler
argument:

I = P(Sa))Sll2 < [|( = PH(Sn)) 22 ]12] 1212
<1 = P(Z0)) Y2l
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906  since ||X||; = 1, and it turns out that ||(I — P!(%,,))2'/2||s = \/R(P'(%,)). According to Sterge
907 |et al.|[2020],

R(PY(2,)) Spuen (24)

{ logn ifg <1

logn)® g >
908 hence the result. O
909 By the work of Blanchard et al.|[2007]], we can state one of their results in a simplified lemma:

o0 Lemma A.3. [Blanchard et al.|[2007] Suppose Assumption|l|and[2|are verified. For all projector P
o1t  of rank , with probability at least 1 — e™¢:

3 l 25
R,(P) < 5R(P)+24 7(17|\Eu||§)+—£ (25)
n n
912 This comes from their equation (30), with M = 1 in our case, using K = 2 and bounding their

o3 p(M,l,n) by /2 ~trCj they mentioned as they suggested (where they described Cy = S (e Py

914 p()*)* ® (p(x ) ®@ p(x)*)du(z) — X, ® L,,). For us, the only important point is that it is a bounded
915 quantity.

st6  Theorem Suppose Assumption [I]and [2|are verified.

917 « If the eigenvalues of X, follow a polynomial decay rate of order v > 1 (Assumption @,
918 then:
dir(p pin) Spen 228
919 * If the eigenvalues of X, follow an exponential decay rate (Assumption @, then:
(logn)?
dir(Hs Hin) §p®” T

920 PROOF. By the triangular inequality:
1 = Sally < 15 = PUE)SI + [[(PHE) = PHEL)SI 1+ [[PHE)(E = Sa)lls + 1P (50)S0 — Zalls
< R(P'(E)) + V2|(P'(Z) = P(E)Zll2 + VII(E = Zp)ll2 + Ra(P'(E0))
< R(P'(2)) + V2U(||(P(2)S = Sll2 + [|P(Sn)E = Sll2) + VII(E = £a)lla ‘i(’zlg)n(Pl(Zn))
921 where we have mainly used Schatten norm “Hoélder” inequality between 1-norm and 2-norms (eq. ?ﬁ
1

o2 aswellas [|[S—P{2)X||; = ..o, A = R(P!(X)) and similarly for 3,,. Now, thanks to Lemma.1,
923 for the polynomial case:

i>1

1

- . R(P'(x)) = © (n~70=3))

925 * By Lemmal[A.3]
R, (P'(2,)) < Ra(P(2))

Spen R(PH(Z)) 44/~ +

Spen max(R(PYY)),

)
—0(1— l) %4—%)

Spen max(n
. V2|(PY(D)T = B2 Spen n3an =0+
— o 0tE
: V2U|(PHE,)E — S|z Spen ns max(n~2tis, 0% )

= max(n 2+4a+2a s n70+%+ﬁ)'
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* From MMD convergence rates, we know:

VII(E = £a)ll2 Spen

’g‘m 3‘ =

=N +

N

Now combining all those terms, from eq. (26) we get, for 0 < 6 < «:
12 = Bl Spon n- (0T &3+ d5 st as+an 0t sh+as)
n ~pE™

< om T max(—0+%,— 5+ 75 +o5, O+ sht1a)

~
The decreasing lines —6 + % and —6 + % + ﬁ
0= % so we find it is the optimal 6 to minimise, which gives a rate of n~3t3a,

. . . 1 1 9
and the increasing line —5 + ;- + o all cross at

Similarly, we do the same for the exponential decay rate case, in particular if we take 8 = 1 we get:

_ (logn)}
12 = Znlli Spen NV
where the dominating term in eq. is V21| |(PY(Z,)Z — 2 2. O

A.3.2 Robustness properties (proof of subsection [3.3)

Proposition[3.6, Denote P. = (1 — ¢)P + C where C is some contamination distribution. We
have when Assumptionis verified: |dxr(P-, Q) — drgr(P, Q)| < 2e.

PROOF. Since d g is a metric based on a norm:
ldxr(P:, Q) — drr(P, Q)| < dxr(P, P:)

= le(Xp = Xo)llx

=el|(Ep = 2ol

< 2e

O

The proof works for the Schatten 2-norm (M M D) as well.
On the contrary in (R%, || - ||) for the classical Wasserstein 1-distance, if for distribution (), we have
1-— % mass contained in a ball of some center ¢ and some radius r, then taking as contamination
C = §, a Dirac in some point x, we must have W1 (P.,Q) > §||z — ¢[| — 7 and we can take

[|z|]| — oo to make the distance diverge.
A.4  Proof of Proposition 2.3]

PROOF.  Notice that, as @(zx)P(2x)* = (tn — Vim)(2k)@(2k)@(2k)*, we have ¥, _, =
i1 @(ze)p(2k)* = ZZ*. Since ¥, _,,, is real symmetric, it is diagonalisable, and as a sum of r
projectors, it is of rank r (by linear independence of the (p(zx))i=1...,-). Let us denote (A, vk )k=1,..r
the couples of eigenvalues and eigenvectors of the restriction of 3, _,, = on the subspace of dimension
r spanned by those projectors. Those eigenvectors are orthogonal and those eigenvalues are non-zero.
Note that for such an eigen-(value,vector) (A, v) of ZZ*, we have: Z*ZZ*v = Z*(\v), therefore
Z*v is an eigenvector of Z* Z with associated eigenvalue A as well. Then note that (Z *vk)kzL.J are
also orthogonal and their norm is not zero, since (Z*v;, Z*v;) = v} ZZ*v; = v \ju; = \j(vs, v;).
Therefore they are distinct, and we can fully diagonalise K (which is of size r x r) with such
vectors. O

B EXPERIMENTS

Computation were carried on a Macbook Pro 2020 with processor 2,3 GHz Intel Core i7 (4 cores)
and memory 16 Go 3733 MHz LPDDR4X (graphic card is Intel Iris Plus Graphics 1536 Mo).

25



958

959
960
961
962
963
964
965
966
967
968

969
970
971
972
973
974
975

976

977
978
979
980

982

983
984
985
986

988

989
990
991
992
993
994

B.1 Normalised energy (Additional figures for subsection 3.2)

Here are some other simulations to highlight the different geometrical behaviours of MMD and d g 7:
in Figure 2| we compute the two distances (both with Gaussian kernel with o = 1) for two sets of
n = 1000 samples, one following a standard normal law A/ (0, 1) and the other following A/ (6, 1)
and we try for different values of § from 0 to 10 with steps of 0.5. As can be seen, even when the
two locations are far apart, since the two distributions are not Dirac, their variances prevent MMD
to reach the maximum 2. This means that when the distance is getting close to zero in general the
slope will be flatter for MMD than for dx7: one should be aware of that when doing for instance a
gradient descent. We also added the Kernel Bures-Wasserstein (computed with a simplified kernel
trick as in |Oh et al. [2020]) to illustrate the Fuchs-van de Graaf inequalities. For 6 high enough, the
lower bound joins dx (they naturally cannot go higher than 2 because of Assumption 1))

In Figurethis time, the same experiment is shown but this time between distributions N'(0, s) and
N (100, s), where we make the variance s varies in [0.1, 0.3, 1, 3, 10, 30, 100]. As the variance grows,
the Hilbert norm of the distributions decreases and so the MMD decreases very fast. On the contrary,
d g7 takes its maximum value 2 distinguishing the far-away distributions and starts only to decreases
for high values of s down to close to 1 for s = 100 (which the distance between the two locations),
which seems reasonable as, for low variance values, the support of the majority of the central masses
of each distributions do not even overlap!

B.2 ABC (Additional table and figures)

In Table 2] we display more complete results of the experiments adding other methods as well as the
standard deviations over the different runs. Referring to the distances of Corollary 3.4, we added the
Optimal Transport (OT) 1-Wasserstein distance with Euclidean cost (as we mentioned it rejects all
samples because of the contamination), as well as the one with a distance cost based on the Gaussian
kernel cj, (noted as OT g4, in the table) and the Kernel Bures-Wasserstein distance (dx pw). We
added some “normalised” MMD:

12 = 2ol

2 2
1Z0llz + [1E0]]3
from the inequality of Section[3.2]in order to attenuate its effect. It is not guaranteed to be a distance,
and eventually it does not perform better than d i7. For the sake of fairness, we compare ourselves to
competitors that also require cubic complexity of computation such as the Kernel Fischer Discriminant

Analysis (KFDA [Eric et al.,[2007a]) with parameter ,, = n~/2 = 0.1 but it also rejects all the
time, so we added its normalised version as well.

MMDpy(p,v) =

In Figure4|are displayed the simulated posteriors \Tlel > 0,eL, P(+|0;) obtained as aresult of Rejection
ABC Algorithm|1|using the Gaussian kernel for both MMD and d . For sensible parameter ¢, the
posteriors obtained via d i are quite close to the target, while for for MMD (gaussian) the posterior
stays very flat like the prior unless € goes to a very low value (less than the contamination threshold).
For sake of visibility, the best posteriors of normalised MMD and MMD with the energy kernel are
displayed in another Figure[5. For the energy kernel, we can see that the peak of the density is not
aligned with the one of the target.

Algorithm 1 Rejection ABC Algorithm

Require: Observed data {X;};—;, prior 7(6) on the parameter space O, tolerance threshold e, statistical
distance d, empty list Lg
fori =1toT do
draw 6; ~ 7(0)

iid.
draw Y1 ...,Y,, ~ pe,

1:
2
3
4:  ifd(X™,Y™) < e then
5: Add 6; to Ly
6 end if
7: end for
8: return Ly
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Figure 2: Variations on the mean 6
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Figure 3: Variations on the standard deviation s

B.3 Particle gradient flows

Here are displayed at different iterations the particle flows of dxr (Fig.|6) and MMD (Fig[7). We
choose the Laplacian kernel over the Gaussian kernel, as it gave a better convergence results for
both dxr and MMD. Even though it is not differentiable at the coordinates of the target particles, in
practice computationally we observed that no problem occured as this typically would happen when
the cloud of points are reaching destination.

We also add a shape transfer task as in[Chazal et al|[2024] displayed in Figure[8] where we added to
their results our dx 7 using the Laplacian kernel with bandwidth o = 1 again and with a learning
rate of 5. The other methods comprises the K K L, with o = 0.01 which is a regularised version of
the KKL which uses the same RKHS density operators as us but using the Von Neumann quantum
relative entropy and is also in cubic time complexity, and KALE with parameter A = 0.001 which
approaches the classic KL divergence, and A = 10000 which approaches MMD (and thus we call it
so in the figure).
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Table 2: Average MSE of ABC Results.

The Optimal Transport Wasserstein distance (OT) has been added, which rejects all samples.The

KFDA is used with y,, = n~%/2 = 0.1.

€ distance #accept. (std)  MSE (std)
oT 0 N/A
KFDA 0 N/A
0.05 KFDA, orm. 1457 (123) 0.41 (0.05)
MMD 1092 (45) 0.19(0.02)
MMDy 0 N/A
MMDg 0 N/A
dxBwW 0 N/A
OT gquss 0 N/A
dxr 0 N/A
oT 0 N/A
KFDA 0 N/A
0.25 KFDA, orm. 1557 (122) 0.45 (0.05)
MMD 2964 (92) 1.29 (0.06)
MMDy 840 (30) 0.12 (0.01)
MMDg 0 N/A
dxBw 0 N/A
OT gquss 343 (48) 0.04 (0.01)
dgT 58 (25) 0.03 (0.01)
oT 0 N/A
KFDA 0 N/A
0.5 KFDA,,orm. 1673 (118) 0.49 (0.05)
MMD 6168 (406) 7.47 (1.83)
MMDy 1964 (69) 0.57 (0.02)
MMDg 846 (35) 0.17 (0.05)
dxBw 1312 (49) 0.26 (0.02)
OT gquss 1376 (53) 0.29 (0.02)
dgr 828 (34) 0.12(0.01)
oT 0 N/A
KFDA 0 N/A
1 KFDA,,orm. 1847 (121) 0.57 (0.05)
MMD 10000 (0) 26.0(0.18)
MMDy 9488 (57) 20.4 (0.31)
MMDg 2926 (52) 1.33 (0.6)
dxBw 3709 (54) 2.02 (0.05)
OTgquss 3484 (84) 1.78 (0.06)
dgr 2067 (93) 0.63 (0.04)
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Figure 5: Posterior probability density functions of dx 7 and other
competitors than classic MMD Gaussian kernel
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Figure 7: Particle flow with MMD leads to several samples being
“repulsed” due to internal energy.
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Figure 8: Shape transfer
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